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Abstract 

Symmetry equations are obtained for the rigidity matrix of a bar-joint 
framework in R"'. This leads to a short proof of the Fowler-Guest sym- 
metry group generalisation of the Calladine-Maxwell counting rules. 
Similar symmetry equations are obtained for the Jacobian of diverse 
framework systems, including the constrained point-line systems that 
appear in CAD, body-pin frameworks, and hybrid systems of distance 
constrained objects. We derive generalisations of the Fowler-Guest 
character formula for these and once again obtain counting rules in 
terms of counts of symmetry-fixed elements. Also we obtain conditions 
for isostaticity for asymmetric frameworks, both in the presence of 
symmetry in subframeworks and when symmetries occur in partition- 
derived frameworks. 
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1. Introduction 

Let {G,p) be a framework in M"^ which, by definition, consists of an 
abstract graph G = (V, E) and a vector p = (pi, . . . ^p^) composed of 
framework points in W^. When {G,p) is viewed in the natural way as 
a pin-jointed bar framework in R'' then there is a counting condition 
for bars and joints that the framework must satisfy if it is known to 
be isostatic, which is to say that the structure is rigid in a natural 
sense (infinitesimally rigid) and at the same time is not overconstrained. 
More generally, in the nonisostatic case, there is a single condition 
relating the four quantities, v = \V\,e = \E\, the number m of non- 
trivial independent infinitesimal motions (also known as mechanisms), 
and the number s of independent stresses that the structure can carry. 
For d = 3 this is the extended Maxwell rule (Calladine [1]) 

(1.1) m — s = 3v — e — 6. 

This equation arises from a consideration of the kernel and cokernel of 
the rigidity matrix for the framework and their respective dimensions, 
m and s. 

Recently, in the context of the analysis of loads and stresses in sym- 
metric structures. Fowler and Guest [8] have obtained an extended 
counting rule for symmetric frameworks in two and three dimensions. 
This formula is a source of additional necessary counting conditions for 
such frameworks and takes the elegant form 

(1.2) r(m) - Vis) = Tiv) X T^y, - r(e) - F,,, - Tn^n^R^ 

where each F is a character list for a representation of the rigid motion 
symmetry group S of the framework. Thus the equation represents a 
set of equations, one for each element of S- The significance of the 
formula lies in the fact that the right-hand side is readily computable 
depending only on the abstract graph G of the framework rather than 
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the metrical detail. The left hand side however carries information on 
the possibilities for stresses and flexes. The formula interpreted for the 
identity element of S gives the Calladine-Maxwell rule. See also [S] for 
an analogous symmetry variant of Euler's formula for polyhedra. 

Many authors have considered group representations in the analysis 
of symmetric structures and the choice of symmetry adapted coordinate 
spaces for stresses and flexes. See, for example, Kangwai and Guest [T2] 
and the survey [13]. However, the exploitation of the detail of general 
group representation decompositions seems to have been initiated in 
the calculations of [12] and then put into the useful equational form by 
Fowler and Guest [Hj. 

Our first purpose here is first to obtain an explicit symmetry equation 

for the rigidity matrix R = R{G, p) of a framework in R'^, which shows 
how the matrix intertwines certain symmetry group representations 
associated with the edges and with the vertices. From this we obtain a 
simple proof of a general Fowler- Guest formula for frameworks in W^. 
The proof we give is essentially coordinate free and indeed the unitary 
equivalence that underlies the formula is implemented by the partially 
isometric part of the polar decomposition R = U{R*RY^'^. 

Our second purpose is to show that the method is versatile and read- 
ily applicable to higher order frameworks. For example, we consider 
body-bar frameworks, such as the Stewart platform [U] , and constraint 
systems for geometric objects, such as the constraints of geometries 
arising in CAD. Once again we obtain symmetry equations, equiva- 
lent representations, character formulae and counting conditions. Also 
we indicate how one may obtain symmetry equations for the rigidity 
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transformations of infinite frameworks. Here too appropriately iso- 
static frameworks lead to the equivalence of the representations of the 
symmetry group that are associated with framework edges and vertices. 

Finally we indicate how the symmetry analysis may be exploited 
further in two distinct ways, and even for asymmetric frameworks. 
In the first we consider symmetries in vertex induced subframeworks 
while in the second we consider latent symmetries in partition-derived 
frameworks. For the symmetry group identity element the properties 
of sub-frameworks and derived frameworks both give the same well- 
known requirement for non-singularity of the Jacobian, namely that 
2w — e > 3 for every sub-graph with e edges and v vertices. However, 
symmetry in subframeworks or partition derived frameworks both give 
new and useful predictions. We obtain, for example, the following 
"singularity predictor", that is, a set of necessary counting conditions 
for an isostatic framework {G,p) in M.'^: 

If {G,p) is proper (in that p spans M'^j then for each proper sub- 
framework {X,p) and each spatial symmetry g of {X,p), 

\trace{g) .v'i^ - - trace{prig{g)))\ < dvx - ex - d{d+ l)/2 

where Vx (resp. Cx) is the number of vertices (resp. edges) in the graph 
X that are unmoved by the symmetry 

For planar frameworks and a reflection symmetry for example the 
(framework independent) quantity trace{prig{g)) is —1 and so in this 
case we obtain the useful isostaticity condition 

\-e'x + l\<2vx-ex -3 

for all subframeworks {X,p) and their reflection symmetries g. 

We remark that for planar isostatic frameworks one has m = s = 
and hence the necessary equality 2v — e — 3 = 0. This is not a sufficient 
condition as one also needs subframeworks not to be overconstrained. 
However, it is a fundamental and celebrated theorem of Laman [T3] 
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that the necessary count condition 2v = e — 3, together with the cor- 
responding inequahty for all subgraphs, is a sufficient condition for 
a generic framework to be isostatic. Thus necessary and sufficient 
conditions are known for the two dimensional generic case. Generic 
frameworks have no proper symmetries and so it is of interest that by 
means of the Fowler-Guest formula necessary conditions and sufficient 
conditions have been obtained recently for the isostaticity of symmet- 
ric frameworks. See Connelly, Fowler, Guest, Schulze and Whiteley [3] 
and Schulze ^T\. In particular they note the very tight constraints on 
the symmetry group S in two and three dimensions. 

For further background on rigidity and diverse constraint problems 
see, for example, [1], [3], [9], [11], [H], [18], [20], and [23]. 

We would like to thank Simon Guest and Nadia Mazza for interesting 
discussions. 



2. Frameworks and Symmetries. 

Let G = {V,E), n = \V\,m = \E\ be a finite connected graph, 
with no multiple edges. A framework in is a pair {G,p) where 
p = {pi, . . . ,pn) is a framework vector with framework points pi = 
{xi,yi) in that are associated with an ordering vi,...,Vn of the 
vertices. Thus we allow framework points to coincide. The rigidity 
matrix R = R{G,p) for the framework {G,p) is an m x 2n real matrix 
whose columns are labeled by Xi, X2, 1/2, . . . , ?/„, and whose rows 
are labeled by some ordering ei, . . . , of the edges. If e = {vi, Vj) is an 
edge of G then the matrix entries of R in the row for e are zero except 
possibly in the columns for Xi,yi,Xj,yj where we have, respectively, 
Xi — Xj, yi — yj, Xj — Xi, yj — yi,l < i < n. For notational economy we 
allow (as here) framework point coordinates to agree with their labels. 
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The rigidity matrix gives a linear transformation from the vector 
space 

n 
k=l 

associated with the vertices to the vector space, 

m 
k=l 

associated with edges. Here each vector space summand Mj,^ , M^^ , Mg^ 
is a copy of M. Fix basis vectors C,xk^^yk^^ — ^ — ^i ^'-'^ '^^i and basis 
vectors ^e^i 1 ^ ^ ^ ""^ for 3^e- Thus, the matrix entry Xj — Xj in row 
e = ivi.Vj) and column Xi is the inner product {R^xi,^e)- 

The rigidity matrix of a framework [G, p) in R'^ is defined in exactly 
the same manner. Alternatively, the rigidity matrix is given as one half 
of the Jacobian derivative of the nonlinear map from to CKg which 
is determined by the quadratic distance equations for the framework. 
We adopt this viewpoint in Section 4. 

2.1. Graph symmetry. We now consider the symmetry properties of 
R{G, p) in the presence of a group of symmetries of the framework. 

Let a be an automorphism of G, so that a : V V is a bijection 
which also maps edges to edges. Let ae denote the associated linear 
transformation of [Kg where CTg^/- = ^a{f) and let CTg also denote its 
representing matrix. The transformation and matrix ay is similarly 
defined, on the space and c^S^Xi — ^^<T(i)' ^'^^yt — ^ya(i)'' 1 ^ ^ ^ 

We note how R{G,p) is transformed, even in the absence of frame- 
work symmetry, on replacing p = (pi, . . . by (r{p) = {pa{i), ■ ■ ■ ,Pain)) 

Lemma 2.1. Let {G,p) be a framework in with rigidity matrix 
R{G, p) and let a be a graph automorphism. Then 



R{G,a{p)) = a-^R{G,p)a, 
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Proof. For notational simplicity let d = 2. Let cr(p) = {Pa{i), ■ ■ ■ ,PcT{n)) = 
(K • • • yP'n)y Pi — i^iy y'i)^ 1 < i < n. Associated with e = (fj, Vj) 
we have x- — x'^ = Xa(i) — Xo-(j)- This difference appears in the a{e) row 
and cr(xj) column of R{G,p) and so 

On the other hand, from the definition of R{G, clp)), 

x[-x'^ = {R{G,a{pm,^,^e) 

= {R{G,a{p))a~^^^^),a-^^^(^e)) 

= {aeR{G, a{p))a^^^^^), ^e)) 

and so R{G,p) and aeR{G,a{p))a~^ have the same entry in the a{e) 
row and a{xi) column. Similarly, all entries agree. □ 

2.2. Pramework symmetry. Let {G,p) be a framework in M.'^. Then 
a framework symmetry is a graph automorphism a of G with the ad- 
ditional property 

\Pa{i) -Pa{j)\ = \Pi-Pj\ 

for all edges {vi,Vj), where \pi — Pj\ denotes Euclidean distance. The 
framework symmetry group of {G,p) is the group Aut(G',p) of all such 
symmetries. 

Suppose that a is a rigid motion symmetry of {G,p) in the sense 
that it is effected by an isometric map T : i?^ ^ R"'; 

a{p) = Tp := (Tpi, . . .,Tpn). 

We also refer to these symmetries as the spatial symmetries of {G,p) 
and we write S for the resulting subgroup of Aut(G). Recall that T 
admits a factorisation as a product T = T1ST2, where Ti, T2 are trans- 
lations and is a linear isometry. The linearity of the entries in the 
rigidity matrix ensures that R{G,p) = R{G,Xp) if X is a translation, 
and it follows that R{G,Tp) = R{G,Sp). Consider S also in terms 
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of the d X d real orthogonal matrix which effects the transformation 
Pi Spi by right matrix multiplication. In fact this matrix is 
(where S denotes also the matrix that effects the transformation S). 
For example, in case d = 2, writing (x-, ?/•) for the image Spi of pi under 
S, we have 

x'i y'i 

It follows from linearity that 
and so 

R{G, a{p)) = R{G, Tp) = R{G, Sp) = R{G, p)S~^ 

where 5 = 5 © ■ ■ ■ © 5 is the block diagonal matrix transformation of 
For an alternative derivation of this equality one may employ the 
chain rule for the derivative of composite multivariable functions. We 
do this in Section 4 in a more abstract setting. 
We now consider five representations of S- 

Write Pe '■ 9 ^ ^i'^e) for the permutation representation of the 
framework symmetry group 9 where Pe(fi') is the transformation (and 
matrix) associated (as above) with the graph automorphism a that is 
determined by g. Define Pv '■ 9 ^ ^C^v) similarly. Let psp : 9 XL(]R'^) 
be the orthogonal group representation of the spatial automorphism 
group 9 (one often identifies 9 with its image under this map) and let 
Psp = Psp® - ■ -QPsp {n times) be the associated block diagonal represen- 
tation of 9 on "Ky. Finally, note that psp and p^ commute and that their 
product f)y is well defined. Indeed, these are representations in different 
factors of the natural tensor product decomposition "K.^ = M" (g) M"' and 
pv = Pn® Psp, where p„ is the (multiplicity one) representation for the 
vertices, so that Pv = Pn ® Im, and psp = In® Psp- 

The next theorem provides symmetry equations for the rigidity ma- 
trix and follows from Lemma [2.11 and the discussion above. 



Xi yi 



S 



-1 



[Xi 



(yi - yj) 
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Theorem 2.2. Let {G,p) be a framework in M'^. 
i. If a = T be a spatial symmetry of [G, p) then 

R{G,p) =a;'R{G,p)a,S 

where S is the rotation factor ofT. 

a. Let S be the spatial symmetry group of the framework {G, p) with 
representation Pv = Pn® psp on Then, for all g E 9, 

R{G,p)=p,{g~')R{G,p)p,{g). 

We note some immediate consequences for rigidity and isostaticity. 

Definition 2.3. A plane framework {G,p) in the plane is infinitesi- 
mally rigid if the rank of R{G,p) is 2\V\ — 3 and is isostatic if it is 
infinitesimally rigid and \E\ = 2\V\ — 3. 

The analysis above apphes to what one might caU grounded or sup- 
ported frameworks {G,p*) in which certain vertices are fixed absolutely. 
The relevant symmetries in this case permute these special points. Such 
examples can be found in the original three-point-supported symmetric 
two dimensional structures in [12] and [8]. The context is simpler since 
(with three non-colinear fixed joints) spatial flexes are absent and iso- 
staticity of the suspended framework corresponds to the invertibility of 
the Jacobian J{G,p*) for the equation system for the free points. The 
argument for Theorem 2.2 (ii) applies and we obtain 

J{G,p*)=p,{g-')J{G,p*)Mg), 

which is valid for elements g of the symmetry group S, where p^ is the 
representation for free vertices. In particular if {G,p*) is isostatic then 



p,ig) = J{G,p*)Mg)J{G,pT 
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and so it follows immediately that we get the following equalities of 
traces (also called characters); for each symmetry group element, 



For the identity symmetry element one obtains the simple counting 
condition e' = 2v' , where e' is the number of bars and v' is the num- 
ber of free joints. If a reflection symmetry g = a exists then since 
trace{psp{<j)) = one obtains trace{pe{cr)) = which is to say that 
there can be no edges that are left fixed by the reflection. 

Suppose now that (G, p) is a framework which contains an equilateral 
triangle as a subframework, as in the outer triangles in the frameworks 
of Figure 1. We deduce from the above that {G,p) is not isostatic if 
there is a reflection symmetry of the framework which leaves invariant 
at least one edge which is not part of the triangle. In this manner the 
symmetry equation serves as a device for recognising singular systems 
which is somewhat simpler than the full Fowler-Guest equation. 



trace{pe{g)) = trace{pv{g)) 



trace{pn{g) ® psp{,g)) 



trace{pn{g))trace{psp{g)). 




Figure 1 . The singular Jacobian for the first framework 
is a consequence of reflection symmetry. 
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3. Flexes, Stresses and the Fowler-Guest Formula 

For a framework {G,p) in Mf^ let "Kji = keri?(G,p) and "Kst = 
kei R{G,p)*. The notation reflects the fact that the nonzero vectors 
of "Kfi can be interpreted as the (proper) infinitesimal flexes of the 
framework, and that the nonzero vectors of "Kst represent the proper 
self stresses of the framework. Indeed, view as the space of infini- 
tesimal displacement directions of the framework points. Infinitesimal 
flexes should be those that induce edge length distortions that are neg- 
ligible. That is they should be vectors in the kernel of the derivative 
of the nonlinear map from framework points coordinates to framework 
edge lengths. This derivative, as we have noted, and is easily checked, 
is twice the rigidity matrix. 

The symmetry equation shows immediately that for all (7 G S, 



St- 



Thus with respect to the orthogonal decomposition "Ky = "K^ (B'Kfi, 
"Ke = ^K' © "Kst the matrix R takes the block form 



R 



R! 




where i?' has trivial kernel and maps 'K'^ onto [Kg. Certainly "Kfi is 
nonzero since it contains the space, 'Krig say, corresponding to ambient 
rigid body motion. In the case d = 2 one may take as a basis for "Krig 
the vectors 



:i,o,i,o,...,i,o),M, = (0,1,0,1,...,0,1), 



(which are associated with infinitesimal translation), together with the 
vector Uxy (associated an infinitesimal rotation about the origin) given 
by 

Uxy = {-yi,Xl, -y2, X2,..., -Vn, Xn)- 
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In fact for the associated three dimensional subspace 

the subrepresentation prig of (obtained by restriction to "Krig) de- 
composes as 3 copies of the trivial one dimensional representation. 

Finally, define "Kmech as the complementary space to D~Crig in 'J~Cfi, so 
that "Kfi = "Kmech © ^rig- The notation reflects the fact that this sub- 
space may be viewed as the space for non-trivial infinitesimal motions 
(mechanisms) of the framework. 

With these Euclidean space decompositions (which are all in terms 
of invariant subspaces for py) we have the associated decompositions 

(3.1) pv = Py' © Pfl = Py' © Pmech © prig- 

For the other representation p^ we have the two-fold decomposition 

(3.2) Pe = Pe' © Pst 

associated with the orthogonal decomposition "Ke = 3^e' © "^st- 

Since R' is necessarily a square nonsingular matrix, which we view as 
a linear transformation R' : — ^ [Kg, and since, from the symmetry 
equation, R' Py' = p^'R' , it follows that p^i and p^' are unitarily equiv- 
alent representations, which we write as p^' = p^i . This is a standard 
fact which can be made explicit by noting that the isometric part U 
of the polar decomposition R' = U\R'\ also intertwines the represen- 
tations (that is, for all g & S, Up^'{g) = p^'{g)U) and serves as the 
implementing unitary. Alternatively, since R' is an invertible transfor- 
mation these representations are intertwined by an invertible (ie. they 
are similar) and so their characters must agree and so are unitarily 
equivalent, by standard theory. 

We can now give a complete proof of a general form of the Fowler- 
Guest formula. In brief, the formula follows immediately from the 
similarity (and unitary equivalence) of the "residual" representations p'y 
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and Pg arising after the removal of subrepresentations corresponding to 
flexes (both ambient and nontrivial) and to stresses, and this similarity 
follows from the symmetry equation for the rigidity matrix. 

Write [px] to denote the character list (trace list) of a representation 
Px- Explicitly, this is the list {trace{px{gi)), ■ ■ ■ , trace{px{gN)) for some 
enumeration of the elements of S- 

Theorem 3.1. Let {G,p) be a bar-joint framework in M'^, with n joints 
and m bars, and with rigid motion symmetry group S with orthogonal 
representation p^p in Mf^. Let pn, Pe be the joint and bar (permutation) 
representations on M" and respectively, let p^ig be the subrepresen- 
tation of pn ® Psp for the space of trivial infinitesimal flexes, let p'^^ be 
the subrepresentation for nontrivial flexes, and let pst be the subrepre- 
sentation of pe for the space of internal stresses. Then 

[Pmech] - [pst] = [Pn] " [psp] " [Pe] " [Prig] 

where [ ] ■ [ ] denotes entrywise product of characters. 
Proof. We have 

[Pn] ■ [Psp] = [Pn ® Psp] 
[Pe] 

We have 

R'pv' 

with R' invertible and so 

[Pv] = [pe'], 

and the identity follows. □ 

The right hand side of the Fowler-Guest formula is computable in 
terms of the number of elements fixed by a framework symmetry as in 
the following corollary, which proved useful in [3]. Here we follow [3] 



— [Pv'] + [Pmech] + [Prig] 
= [p'e] + [pst]. 

= Pe'R', 
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and write and b„ for the number of framework points (joints) and 
framework edges (bars) that are not displaced by a. 

Corollary 3.2. Let {G,p) be an isostatic framework in M^, which does 
not lie in a hyperplane, and which has a proper spatial symmetry a. 
Then the following holds. 

i. If a is a rotation then = — ha + 2. 

a. If a is a reflection then = — b^. 

Hi. If a is an inversion then = — 3jo- — b^. 

Proof, i. In this case trace{pn{cr)) = since Pn(o") is a permutation 
matrix with a nonzero diagonal entry if and only if the corresponding 
vertex is fixed by a. Also trace{psp{a)) = —1, since Pspic) is equivalent 
to a diagonal matrix with entries 1,1,-1, and Prig{c) = 2 since in the 
three dimensional subspace for infinitesimal translation flexes Prigic) 
is diagonal with entries 1, 1, —1, and in the three dimensional subspace 
for inflnitesimal rotation flexes Prigic) is similarly diagonal with entries 
1,1,-1. 

From these observations and the previous character formula, evalu- 
ated at a (i) now follows. The formula of (ii) and (iii) are similarly 
verifled; in case (ii), trace{psp{<j)) = l,trace{prig{<j)) = and in case 
(ii), trace{psp{o')) = —3 and trace{prig{o-)) = —1. □ 

4. Higher Order Frameworks and Symmetry 

We now show how the approach above adapts readily to higher di- 
mensional frameworks such as point-line frameworks in R^, body-bar 
frameworks in M^, and even inflnite frameworks. 

4.1. Character formulae for point-line frameworks. Consider, in 
M?, a set y of points and a set L of straight lines, 



y = {pi,...,p„}, L = {Li,...,Lr}. 
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Considering only certain pairs from 7 U L we can compute gener- 
alised distances involving the lines , namely point-line distances, being 
the usual nonnegative distance, and line-line angles, taking values in 
[0, 7r/2]. The chosen pairs determine edges e G -E in an abstract graph 
whose vertex set V is partitioned V = VpU Vi and whose edge set is 
similarly partitioned, E = Epp U Epi U En. The abstract partitioned 
graph G and the pair J", L give rise to a distance labeled graph. This 
is the pair (G, d) where d is a. map from E to the set of distances; 
d{e) = d{pi,pj), for e = e Epp,d{e) = d{pi,Lj), for e G Epi and 
d{e) = d{Li,Lj) for e = (z,j) G Eu. 

It is of interest to understand the inverse problem, that is, the nature 
of solutions of the constraint equations determined by an abstract dis- 
tance labeled partitioned graph. These equations are in the coordinate 
variables for the points and lines, and the points are coordinatised as 
usual, with variables Xi, yt for the framework point pi. We may assume 
for convenience (by translating if necessary) that the lines Lj do not 
pass through the origin and so may be parameterized by their closest 
points (x'j.y'j) to the origin. 

Let {G, y, L) be a point-line framework as above. Define IKe and 
as before but with the natural additional structure: 

3~C^ = 0~Cp (B 

and, according to edge type, 

!He = 0~Cpp © D~Cpi © 0~Cii. 

Also, 

n n+r 
k=l k=n+l 
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As before, for spatial motion symmetry group 9 of (G, T, £) we have 
five representations : 



Pe, Pv, Psp, Psp and py = Pn ® Psp- 

Note in particular that the coordinates for lines are analogous to the 
coordinates for points in that for a line-framework symmetry given 
by an isometric transformation T of M^, the coordinates for the line 
T{Lj) are T{x'j,y'j). 

We define the rigidity matrix for a line-plane framework, or a dimen- 
sioned abstract graph, simply as the Jacobian of the distance constraint 
equation system. Writing x for the set of all variables, this system can 
be indicated as the equation set 

fe{x) = d{e), eeE. 

The Jacobian has a 3 x 2 block structure implied by the vector space 
decompositions and takes the form. 



R{G, 



R{G, 9) 
R{G,L) 
Ri R2 



and the representations pe and py have a corresponding three-fold and 
two-fold diagonal block structure, respectively. 

Once again we define "Kst = cokerR{G, T, £) and let kerR{G, T, £) = 
^rig ffi "^mech where "Krig is the three dimensional space of infinitesi- 
mally rigid flexes. The space ^mech is defined as the (possibly zero) 
orthogonal complement of "Krig in kerR{G, T, £). 

Theorem 4.1. For point-line framework (G, T, XL) we have the sym- 
metry equation 



R{G, T, £) = Pe{g~')R{G, T, L)Mg), g e 9, 
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and the character list formula 

[Pmech] - [Pst] = [Pn] " [Psp] " [Pe] " [Prig]- 

In particular if the framework is isostatic and has a proper reflection 
symmetry, with graph automorphism a ^ id, then 

bpp + bii + bpi-l = 

where bpp, bu and bpi are the number of point-point edges, line-line edges 
and point-line edges which are unchanged by the reflection. 

Proof. In the next subsection we obtain a general symmetry formula 
and the stated formula is a special case of this. The character list for- 
mula is proven in exactly the same manner as in the proof of Theorem 
O □ 

The theorem can be useful for predicting the singularity of an equa- 
tion system underlying a CAD diagram. For a simple illustration of 
this consider the triangular point-line drawing framework of Figure 2. 
The abstract graph has six vertices and nine constraints and no sub- 
graphs are overconstrained. However there is one reflection symmetry, 
for which bpp = 1, bu = 1 and it follows that the Jacobian of the equa- 
tion system is singular. 



4.2. Higher order frameworks. We now outline how one may de- 
rive symmetry equations for the Jacobian of quite general distance 
constrained systems. 

Let [G, E) be a finite, connected, undirected graph and let V = 
Vi U ■ ■ ■ U be a partition in which Vi = {vi^k '■ ^ k < Vi} is a set of 
vertices which label a set = {pi^k '■ ^ k < z/j} of geometric objects 
of the same kind. Formally, each object of the z*'^ kind, pi^k ^ IR*^, is 
a real manifold, or, more generally, a real semi-algebraic set, which is 
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10 



Figure 2. The geometric drawing has an abstract graph 
in which hnes are represented by circular vertices and the 
points by square vertices. The labeled edges represent 
angular dimensions of 90 degrees and distances of 0, 5 
and 10. A count for the reflection symmetry of the graph 
implies the singularity of the equation system for the 
drawing. 

determined by a specification = {xi^i, . . . , Xi^a) of ti parameters. For 
example, a straight line in three dimensions requires four variables. 

For a pair of specified objects {p,q), either of the same or differ- 
ing type, a generalised distance equation is given which has the form 
/(p, q) = d where d is real and / is a function in the parameters for 
p, q. We say that the constraint is a Euclidean constraint if for all 
isometries of M*^ and all objects p, q of the appropriate type, we have 
f{Tp,Tq) = f{p,q). 

Definition 4.2. A Euclidean framework is a pair [G, J") together with 
a family of distance functions fe{p, q),e ^ E where 

i. G = (V, E) is a graph with partitioned vertex set V labeling a set 
7 of specified objects, with objects of the same kind in each partition 
set, and 

a. the distance functions fe{p, q) are Euclidean invariant and depend 
only on the type of the objects p, q. 



19 

To consider the rigidity or flexibility of a particular Euclidean frame- 
work {G, ?) we consider the framework equation system, which, by def- 
inition, is the constraint system 

A proper Euclidean framework (G, is one for which the objects do 
not all lie in a hyperplane and we say that such a framework is infinites- 
imally rigid if the Jacobean J{G, CP) of the system has rank equal to 
N -d{d+l)/2 where 

TV = Uiti H h l^ntn 

is the total number of variables. Also we say that [G, T) is isostatic if 
in addition the rank is equal to \E\. 

Let {G, T) be a Euclidean framework with geometric objects pi, . . . ,p„ 
Following the terminology for frameworks we define the constraint func- 
tion, or rigidity map, of {G, 7) to be the nonlinear function / : —>■ 
with 

Here the z*'^ constraint function for the edge Cj depends on the variables 
Xk,Xi for the objects Pk,Pi associated with Cj. 
We have 

n Uk 
k=l i=l 

and if T is an isometric transformation of M*^ then there is an associated 
block diagonal transformation 

k=l i=l 

where each is the parameter transformation induced by T. In par- 
ticular, if 0" is a symmetry of (G, 7) which additionally is induced by a 
spatial isometry T then we call T the local symmetry transformation 
for a. 
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We now obtain the symmetry equation for the rigidity matrix of a 
Euchdean framework, defined here as Jacobean derivative D{f){x) of 
the constraint map evaluated at the framework coordinates. 

Theorem 4.3. Let {G, 9) be a Euclidean framework, with generalised 
distance equations fe{p,(l) = de,e & E, where p,q denote the param- 
eters of the two geometric elements constrained by distance dg, let 
f : — i> be the generalised constraint map, and let (cr, T) be a 
spatial symmetry of {0,7). Then the rigidity matrix J{G,7) satisfies 
the symmetry equation 

J{G, 7) = a^^J{G, y)a,,f = a;^J{G, T)Tcr„. 

where and are the induced permutation transformations of the 
vertex space "K^, and the edge space "Ke and where T is the local sym- 
metry transformation for (cr, T) . 

Proof. Let cr and T be as above. Then from the graph symmetry a it 
follows, as in Lemma 2.1, that evaluating the Jacobian at cr{x) gives 
the same matrix as corresponding row and column operations on the 
Jacobian, that is, 

Dficrix)) = a:'Df{x)a,. 

On the other hand, by Euclidian invariance f(Tx) = f{x) for all values 
of the variables, and so by the chain rule, 

{Df){fx)f = Df{x). 

However, we have cr(x) = Tx for the given framework coordinates and 
putting these fact together yields in this case 

Df{x)f-' = DfiTx) = Df{a{x)) = a;^Df{x)a,, 



as required. 



□ 
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One can use the general rigidity matrix symmetry formula to obtain 
character formulae and hence counting criteria for isostatic systems. A 
simple example is the case of finite systems of points and (unoriented) 
planes in M^, with constraints of Euclidean distance between points, 
and points and planes, and with angular constraints between planes. 
Planes may be coordinatised by the three coordinates of the point 
closest to the origin and so play a role similar to points. With (resp. 
b(j) counting the total number of points and planes (resp. constraint 
edges) left undisplaced by a one obtains the necessary conditions of 
Corollary 3.2. 

4.3. Pin-jointed body frameworks. We now consider a generali- 
sation of a bar-joint framework by allowing the edges to be general 
rigid bodies which may then have more than 2 vertices. Informally 
this looks like a set of rigid bodies which are held together by a set 
of pins or hinges, each of which passes through two or more bodies. 
Note that bar-joint and body-bar frameworks are both special cases of 
pin-jointed body frameworks. The discussion below is self-contained. 
For other information on body bar frameworks see Tay and Whiteley 
[22] and Jackson and Jordan [llj . 
For simplicity we limit attention to M^. 

Definition 4.4. A pin-jointed body framework is a pair (S,p) where 
P = {Pi} ^ ■^^^ of points and S = {Se} a collection of sets of points 
such that: 

i. every point is in at least two sets. 

a. every set contains at least two points. 

We also shorten the term to "body framework" and we call the sets 
Se "bodies". The labelling notation here reflects the special case of 
edges and we occasionally denote Se simply by e. Every body frame- 
work defines a bipartite graph G = G{S) in which the points are the 
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vertices of one partition and the bodies are the vertices of the other 
partition. The edges of G represent the occurrence of a point in a body. 
Conversely a bipartite graph with minimum degree (of every vertex) 
greater than one defines a body framework. 

A flex (or infinitesimal flex, or infinitesimal motion) of a body frame- 
work is an assignment of velocities Ui to the points pi and an assignment 
of infinitesimal motions (we? ^e) fo the bodies such that for each body 
the velocities of its points are compatible with the rigid motion (we, Og) 
of the body. Here fg G is the velocity of the centroid of the body 
e and ag G M is its angular velocity, and the centroid is defined as 
Pe = ^ J2pieSePi- '^^^ compatibility condition is the equation 

where and v'^^'^ denotes the rotated vector {—y,x) when v = {x,y). 
Thus there are two linear equations for every occurrence of a point in 
a body. With the coordinate notation Ui = {ui{x), Ui{y)) they take the 
form. 

Ui{x) - Ve{x) + ae{Pi{y) - Pe{y)) = 0, 

Ui{y) - Ve{y) - ae{pi{x) - Pe{x)) = 0. 

Suppose now that there are n points, e bodies and c point-body 
occurrences, that is, n + e vertices and c edges in G{§). We define a 
{2n + 3e) by 2c rigidity matrix R = R{S) as follows. 

i. R has 2 columns for each point and 3 columns for each body. 

ii. R has 2 rows for each point-body occurrence. 

iii. The 2 by 5 submatrix for i. and ii. with appropriately labeled 
columns, takes the form 



Ui{x) Ui{y) Ve{x) 






10-1 





-{Pi{y) - Pe{y)) 


1 


-1 


{Pi{x) -Pe{x)) 
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A body framework is infinitesimally rigid if it has no non-trivial 
flexes. As before there is a 3 dimensional space of trivial flexes and 
so infinitesimal rigidity corresponds to there being no other nonzero 
solutions to the compatibility equations. This is simply the condi- 
tion dim(keri?) = 3. We say that a body framework is isostatic if 
2c = 2n + 3e — 3 and rankR = 2c. 

We now consider the natural decompositions of the domain space 
and the codomain space for the rigidity matrix regarded as a linear 
transformation. 

Let pi, . . . ,pr be the pin points of (S,p) and let ci, . . . , be the 
bodies. Let 

s r 
1=1 i=l 

where the summands represent the spaces of displacement velocities 
Ui for Pi and where the summands are the spaces of body velocities 
{ve{x), Ve{y), tte). The codomalu space for R has the form 

N 

'^codom = ^ ] ©K^ , 
i=l 

associated with the edges of the bipartite graph of (S,p), that is, 
with the membership conditions Pi G ej. 

Let S = S(S,p) be the group of isometrics T of that are body- 
framework symmetries. Thus Tpi = Pt^(j^-) for some permutation vr of 
the pins, and vr respects bodies, that is, the set 7r(ej) is equal to er{i) 
for some permutation r. In particular the pair (vr, r) gives an automor- 
phism of the abstract bipartite graph of the body framework. 

Once again we consider various natural representations of S- First 
we have pijody and Ppj„, the permutation representations of S on "Kbody 
and "Kpin associated with vr and r respectively. Let psp be the spatial 
representation of S as orthogonal linear transformations of and let 
be the representation psp © A on where A is the one dimensional 
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determinant representation. As before we construct the natural "big" 
representation of S on "Kdom namely 

Pdom •= Pbody © Ppin •= {ptp ® Pbody) © {Psp ® Ppin) ■ 

In the next theorem, whose proof is as before, prig is the subrepresen- 
tation of pdom determined by restriction to the subspace ^rig of trivial 
flexes. This representation is simply three copies of the trivial one di- 
mensional representation. Also pmech is determined by the restriction 

to 0~Crnech • — -^dom © '^rig and 

Pst is the restriction of Pcodom to the 
(internal stress) subspace "Kgt '■= kerR. 

Theorem 4.5. Let {S,p) be a body framework in with symmetry 
group S- Then 
i. 

R = Pcodom{9~^)Rpdom{g), 9 ^ S- 

a. The representation character lists satisfy the equation 

[Pmech] — [Pst] = [ptp] ' [Pbody] + [Psp] ' [Ppin] " [Pcodom] " [Prig]- 

As a corollary we see that if the body framework is isostatic and has 
a reflection symmetry a then 

— '^body ~ 1; 

where nl^^y is the number of bodies left unmoved by a. Indeed this fol- 
lows from evaluating (ii) at a since trace{p'^p{(r)) = l,trace{pbody{o-)) = 
Kodyy'trace{psp{g)) = 0,trace{pcodom{(T)) = 0, and trace{prig{g)) = -1. 

4.4. Stewart platforms. One can obtain a similar theorem to the 
one above for body frameworks in higher dimensions. An interesting 
special case in is the Stewart platform, which may be modeled as two 
plane bodies both of which are pinned to the ends of six connecting bar 
bodies. In practical applications the input variables are the lengths of 
the six (hydraulically extendable) bars while the output is the centroid 
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position together with the orientation of the upper body relative to the 
(grounded) lower plane body. 

The analysis of the Jacobian and singularities of such systems is both 
important and extremely challenging and a great deal of numerical and 
other work has been done. See, for example, the survey [6] and the 
recent paper [15] which contains a determination of various singularity 
free regions in special cases. 

The architecture of a particular Stewart is determined by the rel- 
ative location of the pin joints and when there is symmetry in the 
architecture there can also be symmetry in configurations of the plat- 
form positions. The next theorem shows how the singularity of the 
system, in the sense of there being a proper infinitesimal flex, may be 
evident in the presence of symmetry. The following formal definitions 
are helpful. 

Definition 4.6. A Stewart platform (or, more precisely, a nondegen- 
erate Stewart platform) in is an ordered pair 

{p,q) = ((pi,...,p6),(gi, •••,%)) 

with q an ordered set of points in the plane z = 0, no three of which 
are colinear, and with p an ordered set of coplanar points, no three of 
which are colinear, whose plane is distinct from z = 0. 

Platforms {p, q) and {p', q') are said to have the same architecture if 
Sq = q' and Tp = p' for some isometric transformations S,T o/M^. 

Theorem 4.7. Let {p,q) be a Stewart platform with a reflection sym- 
metry. Then {p, q) is singular if there exist one or more self- symmetric 
connecting bars. 

Proof. Note that a reflection symmetry may either fix the platform 
planes or may exchange them. 

We give a direct proof by transposing the symmetric platform T = 
{p, q) to an equivalent similarly symmetric bar-joint framework. To this 
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end let H be the graph with vertices Vq.Vi, . . .Vq and edges {vq.Vi), 
{vq,V2), (^1,^2) and, for each i = 3,4,5,6, the edges {vi,Vj) for j = 
0, 1, 2. If pq is chosen in not lying on the plane for pi, .■■,Pq) then the 
framework Ti = {H, (po, Pi, • • • , Pe)) is isostatic and may play the role of 
the upper platform. If T is a plane-fixing reflection symmetry of J then 
relabel the points so that without loss of generality the framework edge 
(P15P2) is self-symmetric. Also place Pq on the reflection plane of T and 
observe that T is a symmetry of Ji. Similarly, in this case construct 
a symmetric "simplicial completion" T2 of the lower platform points. 
Finally, let J* be the bar-joint framework which is the union of these 
platform frameworks and the connecting bars {pi, qi) for i = 1, . . . , 6. It 
is clear that the Stewart platform ? is singular (infinitesimally flexible) 
if and only if the bar-joint framework 7 is singular. 

Likewise in the case of a plane exchanging symmetry of T we may 
choose Pq, qo to be a symmetric pair for the symmetry and obtain a 
similarly symmetric bar-joint framework 7, which is singular if and 
only if 7 is singular. 

Suppose then that 7 and hence 7 has a plane fixing symmetry. Note 
that (pi,P2) and {qi,q2) are self-symmetric edges, and po and go are 
self-symmetric points. Thus, if 7 is infinitesimally rigid by the count- 
ing condition of Corollary 13.21 the number of remaining self-symmetric 
edges must agree with the number of remaining self-symmetric points. 
Since the Stewart platform is nondegenerate, the only way a bar in 7 
can be self-symmetric is if it lies in the symmetry plane. Thus if there 
is a self-symmetric connecting bar the counting condition is violated, 
and so it must be that 7 and hence 7 is singular. 

If 7 has a plane-exchanging symmetry then self symmetric edges 
must lie on the symmetry plane and so, similarly, the counting condi- 
tion cannot hold. □ 
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4.5. Symmetry equations for infinite frameworks. In (TH] we in- 
dicated some perspectives for a purely mathematical theory of infinite 
bar-joint frameworks. Part of the motivation for such a development 
also comes from materials analysis (Donev and Torquato [7j) and the 
analysis of repetitive structures (Guest and Hutchison [10]). We in- 
tend to develop these topics further elsewhere, however we show here 
how one may obtain framework symmetry equations for various rigid- 
ity transformations in this setting and we give a Hilbert space variant 
of Theorem 13.11 in an appropriate isostatic case. Of course a novelty 
for infinite frameworks is that the rigid motion symmetry group can be 
infinite. 

Let S = {G,p) be a countable (and nonfinite) bar-joint framework in 
associated with a countable connected graph G, where the frame- 
work vector p = {pi,P2, • • • ) has framework points Pi in indexed 
as usual by the vertices of G. The rigidity matrix R{G,p) is defined 
as before, with the rows labeled by edges and the columns labeled by 
vertices (twice over, for x and y coordinates). This infinite matrix may 
be viewed as a linear transformation T from the direct product vector 
space IIv^M^ to the vector space II^M. Here is simply the set of all 
real sequences indexed by the edges of G, with the usual vector space 
structure. With these large unrestricted spaces there are, once again, 
three linearly independent vectors in the kernel of T, two translation 
flexes together with a rotation flex. 

It is also natural to consider R{G,p) as a linear transformation be- 
tween other more restricted sequence spaces. For example, let Tq be the 
restriction of R{G,p) to the vector space direct sum, T,y ©M^, which 
consists of finite linear combinations of the given basis vectors (^^^ and 
^y^,i = 1,2,...). These are the "finitely supported vectors", that is, 
the sequences u in HyM^ which have all but finitely many entries equal 
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to zero. Thus we conceive of the vector u as an assignation of veloc- 
ity vectors to a finite number of joints of the infinite framework. One 
might view Tq (and associated mathematical constructs) as modeling 
a very large system and its finitely acting disturbances. Note that Tq 
maps into S£;©M, and that the three linearly independent trivial flexes 
do not lie in the domain of Tq. It is natural then to say that {G,p) is 
finitely infinitesimally rigid if the kernel of To is trivial. The regular 
square grid framework (with framework points {i,j),i,j G Z) has this 
property. Indeed it is enough to show that for any finite square grid 
there is no nonzero flex which assigns zero velocities to the boundary 
joints. In fact we say that this framework is finitely isostatic since in 
this case there are no nontrivial finitely supported stresses (vectors in 
the cokernel). 

The formulae of (i) and (ii) of Theorem 12.21 hold for the rigidity 
transformations T and for Tq with little adjustment to the proof. 

One can also consider other less severe constraints on the domain 
space, that is, on the allowable velocity vectors and flexes u, such as 
boundedness (each domain vector m is a bounded sequence), summabil- 
ity < oo), or square summability (^. < oo). Such spaces 

are clearly left invariant by a local transformation T associated with 
an isometry T of and so again one can obtain symmetry formulae 
for the associated rigidity transformations. 

Let us make this explicit for square summahly isostatic frameworks 
in W^. It is convenient to define these frameworks as those for which 

(i) the rigidity matrix R{G,p) determines a bounded Hilbert space 
operator T{G,p) from the complex Hilbert space i'^{V) ® C"' to the 
complex Hilbert space (?{E), and 

(ii) the kernel and cokernel of T(G, p) are the zero subspaces. 

For a simple example consider an infinite strip framework with re- 
peated congruent cells each of which is a square with one diagonal. 
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Likewise one can obtain further examples as joins of finite isostatic 
frameworks. More interestingly it can be shown that the regular rect- 
angular grid framework is square summably isostatic despite the high 
degrees of freedom of its finite subframe works. 

Once again, for the rigid motion symmetry group S = 9{G,p) we 
have the representations p~„ = Pv ® Psp, on the domain, and pe on the 
codomain. Here p^p is the canonical (isometric affine transformation) 
representation in M'^. 

The second part of the following theorem is essentially an infinite 
framework generalisation of the unitary equivalence that yields the 
Fowler Guest formula in Theorem 13.11 Thus for square summably 
isostatic frameworks it follows that and pe have the same irreducible 
components. 

Theorem 4.8. Let {G,p) be an infinite bar-joint framework in Mf^, 
with rigid motion symmetry group S, and let {G,p) be square summably 
isostatic. Then 

I. T{G,p) = pe{g-^)T{G,p)py{g), for g e 9, 

a. the representations p„ and pe are unitarily equivalent. 

Proof. The formula (i) follows as in the case of finite frameworks. To 
see (ii) we use a standard argument to see that the unitary part of 
T = T{G,p) implements the equivalence. 

Since {G,p) is square summably isostatic T has a unique polar de- 
composition of the form T = U\T\ with U unitary. We have pe{g)T = 
Tp^{g) for all g. Thus {pe{g)TY = (Tp^{g))* and so T* pe{g)* = 
{pM)*T\ that isT*pe((?"') = {p.{g~^))T*. Restating this, T* pe{g) = 
{Pv{g))T*, for all g. Thus, suppressing some notation, T*Tp^ = T*peT = 
T*Tp^. Since T*T commutes with p^ so too does its square root |T|. 
We have pJJ\T\ = f/|T|p„ = Upy\T\ and it follows, since |T| has dense 
range for example, that peU = Up^ as desired. □ 
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5. Symmetry in subframeworks and partitions 

We now show how latent symmetries can play a role in predicting 
the singularity of asymmetric frameworks. 

5.1. Subframework symmetry. Let {G,p) be a point-line frame- 
work in with a subframework {X,p), where X is a subgraph of 
G. Here, and below, it is convenient to use the redundant notation 
{X,p) with p the full framework vector. The Fowler-Guest formula 
holds for {X, p) , and in our notation takes the form 

[pLchl - [Pft] = [Pfp] ■ [Pn] - [Pf] - [pr^g] 

where each is a representation of the symmetry group of {X,p). In 
particular evaluating traces of the representations of the identity sym- 
metry gives the Calladine Maxwell identity for {X, p) , while evaluating 
at a reflection symmetry, g say, gives an identity which we write as 

m^Y - = - 6^ + 1. 

Here fe^ is the number of framework edges (bars) left invariant by g as 
this agrees with trace^p-^ (g)). The term arises from trace{pfp{g)) = 
0, and for the three-dimensional representation p^^g we have 
trace{p^,g{g)) = -1. 

We now exploit the evident fact that the natural inclusion "Kf C "Kf 
respects stresses, that is, JC^ C "Kf^. This is simply because a vector 
in the cokernel of R{X,p) extends trivially to a vector in the cokernel 
oiR{G,p). 

Let (G, p) be an isostatic framework in M*^ which is proper in the sense 
that it is not contained in a hyperplane. In any proper subframework 
{X,p) we have 

mx = dvx — ex — d{d — l)/2, 

which follows on evaluating the general formula at the identity sym- 
metry g = Id and noting as above that sx = 0. If (7 is any framework 
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symmetry of {X,p) then certainly < rux since rux is the di- 

mension of the mechanism space of {X,p). On the other hand the 
evaluation of traces on g gives 

"^x - = trace{g).v% - - trace{prig{g)) 

Combining these facts we obtain the following theorem which gives a 
family of necessary conditions all of which are computable by simple 
counting. 

Theorem 5.1. Let {G,p) be a proper isostatic framework in W^. Then 
for each proper subframework {X,p) and each spatial symmetry g of 
{X,p) we have 

\trace{g).v^ ~ ~ t''^(^ce{prig{g))\ < dvx — ex — d{d + l)/2 

where (resp. e^j is the number of vertices (resp. edges) in the graph 
X that are unmoved by the symmetry. 

In particular, for planar frameworks a necessary condition for iso- 
staticity is that for each reflection symmetry g of a subframework (X, p) 

|-e^ + l| <2t;x-ex-3. 




Figure 3. A framework with reflection symmetry in a 
sub-graph and a singular Jacobian. 



32 

5.2. Partition symmetry. We now show how symmetries associated 
with vertex partitioning can be significant for singularity. The idea here 
is that on removing the framework edges connecting vertices within 
each of the sets of a partition of V one may be left with a set of 
"crossing" edges which has evident symmetry. In this event one can 
add edges to create complete graph frameworks within the partition 
sets thereby creating a body framework. If, by symmetry and counting 
conditions, the result has proper fiexes then the original framework 
inherits the same proper fiexes. This situation occurs for example in 
the simple framework of Figure 4. 

More precisely let G = (y,p) he a. framework in M^, where each 
vertex has degree greater than 1, and let Vi, . . . ,Vn be a partition of 
V. Let 

§ = {Vi, . . . ,Vn,ei, . . . ,ejn} 

where ei,...,em are the edges of G which have vertices in distinct 
partition sets. Delete from p the framework points which are not end- 
points of the edges Cj to create a framework vector p' (representing 
pins). Then (S,p') is a body framework and we say that it is derived 
from {G,p), or that it is a partition derived body framework. Note that 
for a trivially derived body framework, where each partition set is a 
singleton, the total number of point body occurrences is the sum of the 
degrees of the vertices in G, which is 2e. Thus c = 2e and the isostatic 
condition in the trivially derived framework gives 2c = 2n + 3(e — 1), 
which implies e = 2n — 3 as expected. 

The following theorem, together with Theorem 14.51 give necessary 
conditions for isostaticity. 

Theorem 5.2. Let {G,p) be a framework in and let (S,p) be a 
partition derived body bar framework. Then 

i. a non-trivial) flex of {S,p) gives a (non-trivial) flex of {G,p). 
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a. if {G,p) is isostatic then a reflection symmetry of (§,p) fixes 
exactly one edge of{§,p). 

Proof. Let the set of velocity vectors {ui,Ve,ae} be a flex of (§,p). 
For any two points Pi and pj in body e, Ui = Ve + ae{Pi — PeY^"^-, Uj = 

Ve + ae{Pj-Pe)- TllUS Ui-Uj = tteipi-pj^^'^ and {Ui-Uj).{pi-Pj) = 0. 

Since every pair of points joined by a framework edge are both in some 
body of S it follows that the set {ui} is a flex of {G,p). Now (i) follows 
and (ii) follows from (i). □ 




Figure 4. A framework with vertical reflection symme- 
try in a partition derived graph and a singular Jacobian. 
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